We describe a superconducting circuit consisting of a Josephson junction in parallel with a quantum phase slip wire, which implements a Hamiltonian that is periodic in both charge and flux. This Hamiltonian is exactly diagonalisable in a double-Bloch band, and the eigenstates are shown to be code states of the Gottesman-Kitaev-Preskill quantum error correcting code. The eigenspectrum has several critical points, where the linear sensitivity to external charge and flux noise vanishes. The states at these critical points thus hold promise as qubit states that are insensitive to external noise sources.
Quantum devices are extremely sensitive to noise, which presents the major challenge in developing robust quantum technologies. In contrast, digital technologies rest on the existence of stable states of matter that retain classical information over long times. Fundamentally, this is because stable classical states of matter embody an error correcting code. For example, ferromagnet domains in hard disks energetically implement a repetition code amongst many coupled electronic spins. By analogy, it is desirable to engineer quantum systems whose Hamiltonians encode a quantum error correcting code.
One approach to developing robust quantum devices is to design a 'symmetry protected' logical space of nearly degenerate ground states {|0 , |1 } [1] , such as the proposed 0-π qubit [2] [3] [4] [5] [6] , which rejects charge and flux noise. Here we instead introduce and analyse a simple superconducting circuit with a set of eigenstates that are robust against noise, without relying on ground state degeneracy. This device is built from a Josephson junction (JJ) [7] and a quantum phase slip (QPS) wire [8] [9] [10] , making the Hamiltonian for this system periodic in flux and charge. We show that this system is exactly diagonalisable with quantum numbers associated to each conjugate coordinate, and that typical noise processes commute with the Hamiltonian, affording some symmetry protection to the device.
The energy eigenbasis of the circuit includes the codewords of the Gottesman-Kitaev-Preskill (GKP) code [11, 12] which occur at four critical points in the eigenspectrum: one minimum (ground state), one maximum, and two saddle points. At these critical points, we find that the device is insensitive (at linear order) to fluctuations in both charge and flux, making the critical points promising candidates for robust quantum information storage. We also show that these results hold when the circuit includes realistic parasitic inductance and capacitance.
Ideal Circuit: Figure 1a illustrates the ideal QPS-JJΦ circuit in which an ideal QPS is in parallel with an ideal JJ, so that there is no parasitic capacitance or inductance. The QPS and JJ are dual circuit elements, with constitutive relations V Q = V c sin(2πQ/(2e)) and I J = I c sin(2πΦ/Φ 0 ) respectively, where V Q is the QPS voltage which depends on the charge, Q, that has flowed through the QPS, I J is the JJ current which depends on the flux, Φ, linked by the JJ, and Φ 0 = h/(2e) is the magnetic flux quantum. The QPS and JJ elements are characterised by their critical voltage V c and critical current I c respectively.
The circuit is described by the fluxΦ and the conjugate chargeQ, and the Hamiltonian for the system is given bŷ
wheren =Q/(2e) andφ = 2πΦ/Φ 0 satisfy [φ,n] = i, E Q = 2eV c /(2π), and E J = I c Φ 0 /(2π). The Hamiltonian is periodic in both charge and flux, and since [e iφ , e i2πn ] = 0, eigenstates |k, ϕ are characterised by Bloch quantum numbers k ∈ (−1/2, 1/2]and ϕ ∈ (−π, π], and satisfy dual Bloch relations k, ϕ|φ + 2π φ = e i2πk k, ϕ|φ φ [13] and n distinguish the phase and number bases respectively. The eigenenergies ofĤ are
This spectrum, shown in Fig. 2a , has four critical points where ∇E k,ϕ = 0, corresponding to the four critical eigenstates {|0, 0 , |0, π , |1/2, 0 , |1/2, π }, which are the ground state, two saddle points, and the maximally excited state respectively. The saddle points are not degenerate (unless E Q = E J ), however we will show that the sensitivity to charge and flux noise vanishes at the critical points. Expanding the eigenstates in the phase or number bases
makes it clear that the GKP codewords are eigenstates of the circuit, i.e. |0 GKP = |0, 0 and |1 GKP = |0, π , as defined in Ref. [11] . The double-Bloch eigenstates in Eq. (3) form a convenient basis, which we call the GKP basis. These states satisfy the normalisation k,ϕ |k ,ϕ = δ(k−k )δ(ϕ−ϕ ), and the generalised periodic boundary identities |−1/2, ϕ = |1/2, ϕ and |k, −π = e −i2πk |k, π . External bias and noise: We include the effect of external voltage and flux noise, as shown in Fig. 1b , with an external gate voltage V x (t) coupled capacitively via a parasitic capacitor C x , and an external flux Φ x (t) through the circuit loop [14] . In the Supplementary Material, we show that for small C x the Hamiltonian of the circuit becomeŝ H (t) = −E Q cos 2π(n + n x (t)) −E J cos φ +φ x (t) , (4) where n x = C x V x /(2e) and φ x = 2πΦ x /Φ 0 .
For fixed values of the biases, the eigenenergies arē E k,ϕ (n x , φ x ) = −E Q cos(2π(k + n x ))−E J cos(ϕ+φ x ). In linear response, the sensitivity of the system to small variation in bias is therefore given by
For time-dependent noise in the bias parameters, this result shows that the noise sensitivity is determined by ∇E k,ϕ , so that the noise sensitivity vanishes at the critical points, at linear order. For small-amplitude noise, we expand the Hamiltonian to linear order in the noise terms, sô
Since [Ĥ,Â n,φ ] = 0, flux and charge noise do not induce transitions between eigenstates. Further, the critical states are null vectors ofÂ n,φ , so they are immune to charge and flux noise to first order. We illustrate the general noise insensitivity using the example of uncorrelated charge and flux noise, for which
where n , φ are noise amplitudes. With this white noise model, the evolution of the system density matrix, ρ, is given by the master equation [15, 16] 
where
To calculate the decoherence rate between superpositions of eigenstates, we suppose that the system is initially in a pure state |ψ = α |k, ϕ + α |k , ϕ , so that ρ(0) = |ψ ψ|. Off diagonal elements are right eigenoperators of the lindblad superoperators, but generally with non-zero eigenvalues (i.e. dephasing rates),
where γ y,y = (sin(y) − sin(y )) 2 . The pure dephasing rate is therefore given by
For any choice of k, there are values of k for which γ 2πk,2πk = 0, and similarly for ϕ and ϕ . Of particular interest is the fact that for superpositions of the critical eigenstates both lindblad superoperators vanish, γ 2πk,2πk = γ ϕ,ϕ = 0, so that Γ k,ϕ;k ,ϕ = 0 when |k, ϕ , |k , ϕ ∈ {|0, 0 , |0, π , |1/2, 0 , |1/2, π }. We plot Γ 0,0;k,ϕ in Fig. 2b , showing that the dephasing rates vanish at the critical points. This property makes these states ideal candidates for robustly storing quantum information. Parasitic Circuit: Realistically, the QPS-JJ loop will have some linear inductance, L, and capacitance, C, across the Josephson junction [17] . We therefore extend the model to account for the effects of these parasitic elements, and we show that the noise-insensitivity of the ideal circuit is retained. The resulting lumped-element model, shown in Fig. 1c , has an additional circuit node, and the Hamiltonian for the non-ideal circuit iŝ
and the modes labeled A, B refer to the circuit nodes indicated in the figure. Models of this form have been studied in Ref. [18] .
We assume that C and L are small, so that
In this case, the high-frequency dynamics of the associated LC oscillator will dominate, so we transform to new conjugate coordinateŝ
In these coordinates we havê
whereV = −E Q cos(2π(n 1 −n 2 ))−E J cos(φ 1 +φ 2 ) and
.Ĥ commutes with cos(2πn 2 ) and cos(φ 2 ), so eigenstates ofĤ will be simultaneous eigenstates of these two operators, which are the GKP basis states |k, ϕ 2 . That is eigenstates ofĤ take the form |Ψ m;k,ϕ 1,2 = |ψ m (k, ϕ) 1 |k, ϕ 2 in which |ψ m (k, ϕ) 1 are eigenstates of the reduced Hamiltonian
We are concerned with the limit E C , E L E Q , E J , in whichĤ 1 (k, ϕ) describes a weakly nonlinear oscillator (i.e. mode 1) that depends parametrically on the quantum numbers k and ϕ associated to mode 2. We treatV (k, ϕ) perturbatively, and so we denote the eigenstates ofĤ HO as |ψ E C E L . Within the oscillator ground state manifold, m = 0, the first order perturbative correction to the energy is
where E Q = e −π 2 /z E Q and E J = e −z/4 E J are renormalised QPS and JJ parameters arising from zero-point motion of mode 1, and
2 /h is a dimensionless oscillator impedance. We see that within the oscillator ground state manifold, mode 2 is governed by the ideal HamiltonianĤ in Eq. (1), with renormalised JJ and QPS energies. Significantly, the critical points remain at the same locations in the double-Bloch band.
Energy bands: We numerically solve for |ψ m (k, ϕ) 1 and the eigenergies E m;k,ϕ non-perturbatively in the GKP basis for mode 1, as described in the Supplementary Material. Figure 3a shows the oscillator groundstate manifold energy band E m=0;k,ϕ relative to the unperturbed harmonic oscillator ground state energy, for E C , E L E Q = E J . The nonlinear energies E J,Q are renormalised to E J,Q , but the band structure is otherwise qualitatively the same as the ideal case, and with the same critical eigenstates. We show below that the noise sensitivity vanishes at the critical eigenstates, as for the ideal circuit. Figure 3b also shows the first excited manifold relative to the unperturbed harmonic oscillator first excited state energy. In this manifold, the renormalised nonlinear energies are E Q = (1 − 2π 2 /z)E Q and E J = (1 − z/2)E J , so that the band may be inverted relative to the ground state manifold (i.e. the locations of minima and maxima are exchanged). It follows that the inter-band transition energies at the critical points can be made nondegenerate, facilitating spectroscopic addressability of the critical states. This addressability provides an avenue to state preparation: spectroscopic measurements of a given accuracy will localise the system in a narrow band of k and ϕ near the observed transition energy.
Charge and Flux noise: We introduce charge and flux noise in the same manner as for the ideal circuit [19] . The Hamiltonian is then
where E CΣ = (2e) 2 /(2C Σ ) with C Σ = C +C x , and n x and φ x are external bias terms, as discussed earlier. In what follows, we assume that C x C, and take E CΣ = E C , for simplicity.
Constant charge and flux bias can be transformed away by suitable gauge choice [20] , so we again consider the effect of zero-mean, white noise. As before, we make the coordinate transformation given by Eq. (9), and expand the Hamiltonian to linear order in the noise terms. We findĤ
whereÂ n = 2E Cn1 andÂ φ = −2E Lφ1 . The master equation for the noisy system is theṅ
where is the joint density operator for modes 1 and 2. Using the first order perturbative correction to the oscillator modes, we compute matrix elements of the dissipators in the energy eigenbasis (see Supplementary Material). Within the ground state manifold of the oscillator, m = m = 0, we find that
showing thatÂ n is diagonal in the energy eigenbasis. The same argument demonstrates thatÂ φ is also diagonal within the ground state manifold of the oscillator. Projecting the dissipators onto the ground-state manifold of the oscillator gives effective dissipators
These are of the same form as the dissipators for the ideal circuit, Eq. (6), and so lead to dephasing rates of the same form. That is, a superposition of two eigenstates in the ground-state manifold, α |Ψ 0;k,ϕ + α |Ψ 0;k ,ϕ , will dephase at a rate also given by Γ k,ϕ; k ,ϕ in Eq. (8), with the replacements E Q,J → E Q,J . As for the ideal circuit, the dephasing rate vanishes for superpositions of critical states. We comment briefly on plausible experimental parameters for such a circuit. Josephson and QPS energies can be engineered to be E J ∼ E Q ∼ h × 5 GHz [10, [21] [22] [23] . Parasitic capacitance and self-inductances of order C ∼ 1 fF and L ∼ 10 nH are feasible [21, 22, 24] , corresponding to an oscillator energy ∼ h × 50 GHz E J , E Q and z ∼ 3. The robustness of superpositions of the QPS-JJ device arises from the fact that the noise operators commute with the eigenstates, and the critical points are in the nullspace of the lindblad superoperators. Any pair of the critical points could therefore be chosen to represent a qubit; the nearly-degenerate saddle points would be a convenient choice. As alluded to earlier, state preparation might be performed by interband spectroscopic measurements. The quality with which we can prepare states near the critical points then depends on the resolution of such a measurement.
Relative phase shifts between the critical states may be achieved using tunable JJ and QPS circuit elements, or by using high frequency drive pulses to access excited states of the oscillator mode. More general control requires additional symmetry breaking terms in the Hamiltonian. For example, a shunt inductor switched transiently across the JJ breaks the discrete charge translation symmetry of the Hamiltonian, so it will couple the GKP eigenstates of the original circuit. Detailed analysis of control of the state space for one and multiple devices will be the subject of future work.
We conclude that the QPS-JJ circuit considered here offers a promising avenue for robustly storing quantum information. In particular, it hosts several critical eigenstates, superpositions of which are insensitive to both charge and flux noise at linear order. This result holds even when the circuit includes parasitic capacitance and inductance. Interestingly, the critical states are physical embodiments of the codewords of the GKP error correcting code. Active fault-tolerant preparation of such states in oscillators is extremely hard, so the QPS-JJ circuit offers an intriguing alternative path towards accessing these states.
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Supplementary Material
Derivation of the biased Hamiltonian,Ĥ (t)
Here we derive the HamiltonianĤ (t) in Eq. (4). Applying the spanning tree model in Ref. [14] for the circuit in Fig. 1b , we choose the fluxes across the QPS and JJ to be Φ Q = Φ and Φ J = Φ + Φ x , respectively. The Kirchoff current conservation law at the active node of the circuit isQ
From the constitutive laws for circuit elements, we know that the charge that has flowed through the QPS is
the charge across the bias capacitor is Q Cx = C x (Φ−V x ), and the current through the Josephson junction iṡ Q J ≡ I J = I c sin(2π(Φ + Φ x )/Φ 0 ). We thus find the equation of motion for the circuit is
We identify terms above with the Euler-Lagrange equation of motion,
where Q = ∂ΦL is the charge conjugate to Φ, which implies
The Hamiltonian,
where E Q = 2eV c /(2π), E J = I c Φ 0 /(2π). To compute H(Φ, Q) we need to invert Eq. (S20) to findΦ =Φ(Q). Implicitly, we havė
We cannot solve this analytically forΦ, however if C xΦ Q we expand the right hand-side of Eq. (S24) in powers of C x , and solve forΦ. We finḋ
Substituting this result into Eq. (S23), we obtain
Quantising the charge and flux operators, and definingn =Q/(2e) andφ = 2πΦ/Φ 0 , the Hamiltonian operator is then
where n x = Q x /(2e) and φ x = 2πΦ x /Φ 0 . If the external capacitance is sufficiently small then E Cx E Q , E J . Since Ĥ , cos 4π(n + n x ) = 0, this term does not change the eigenstates, and preserves critical points. We therefore take E Cx = 0 for simplicity, yielding Eq. (4).
Eigenvalue problem for mode 1
In the GKP basis, we have the useful operator representations [18] 
We express eigenstates of the reduced Hamiltonian H 1 (k, ϕ) in the GKP basis for mode 1, {|l, θ 1 }, and we find that ψ m (l,θ; k, ϕ) ≡ 1 l, θ |ψ m (k, ϕ) 1 are eigenfunctions of the differential operator
where ψ m (l,θ; k, ϕ) satisfies generalised periodic boundary conditions
In this representation, it is straightforward to compute the eigensystem of mode 1 numerically. It is illustrative to evaluate the well-known LC harmonic oscillator ground states in the GKP basis,Ĥ HO .
In the phase basis, ψ
2z , where z = E C /E L . In the GKP basis, we find that
is an elliptic theta function. The GKP basis highlights the relative localisation of the ground state in k or ϕ. We plot this function for z = π, 2π, and 4π in Fig. 4b . When the energy scales for the kinetic and potential terms are balanced, at z = 2π, the ground state is equally delocalised in each coordinate. At this point, the JJ and QPS renormalisation scale factors are equal, i.e. E J /E J = E Q /E Q . 
We expand |ψ m (k, ϕ) 1 to first order in perturbation theory, and for notational convenience we define the matrix element B jm = ψ We substitute the results into Eq. (S32), and noting that hωz = 2E C , we obtain Eq. (15).
The computation for Ψ 0;kϕ |Â φ |Ψ 0;k ϕ 1,2 1,2 is implemented in a similar manner.
